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Papers [1, 2] were devoted to questions of the stability of the laminar 
flow of a conducting fluid in a transverse magnetic field with Hartmann 
flow. It was assumed in these papers, however, that the transport co- 
efficients are quantities independent of the flow characteristics; in 
particular, the temperature and the effect of energy dissipation were 
not taken into account. When these factors are allowed for it turns 
out that even for relatively small subsonic velocities, when the medi- 
um may be regarded as incompressible, the temperature distribution 
exerts a considerable influence on the dynamic flow characteristics. 
Papers [3,4] deal with this type of flow in an MHD channel which will 
be called nonisothermal in what follows. It has been shown that under 
specific conditions the velocity profiles are grossly deformed, and non- 
monotonic profiles with i~flection points may even appear. 

However, the influence of nonisothermal flow on stability is not con- 
fined to an alteration of the stability criteria as a result of the change 
in the velocity profile. When energy dissipation and the fact that the 
transport coefficients are not constant are taken into account new 
"dissipative" instability branches appear, as, for example, the over- 
heat instability [5, 8]. This article considers the problem of the hydro- 
dynamic stability of a nonisothermat plasma flow in constant crossed 
electric and magnetic fields in a flat channel with dielectric walls. 
The system of equations derived in this paper for the perturbations does, 
of course, take into account all the instability mechanisms mentioned 
above, but is difficult to solve. The general system of equations may 
be investigated in two limiting cases corresponding to the overheat and 
hydrodynamic instabilities. 

1. I n i t i a l  S t e a d y  S t a t e ,  L e t  t h e  x a x i s  b e  in t h e  d i -  

r e c t i o n  of t h e  f low and  t h e  y a x i s  b e  in t h e  d i r e c t i o n  

of t h e  e x t e r n a l  m a g n e t i c  f i e l d  B0 ,  w h i l e t h e z  a x i s  i s  

in  t h e  d i r e c t i o n  of t h e  c o n s t a n t  e l e c t r i c  f i e l d  E. T h e  

c h a n n e l  is  b o u n d e d  b y  d i e l e c t r i c  w a l l s  s i t u a t e d  a t  

y = =~ l ,  w h i l e  t h e  d i s t a n c e  b e t w e e n  t h e  e l e c t r o d e s  in  
t h e  z d i r e c t i o n  and  t h e  l e n g t h  of t h e  c h a n n e l  in  t h e  x 

d i r e c t i o n  a r e  a s s u m e d  to  b e  q u i t e  l a r g e .  It i s  a l s o  

a s s u m e d  t h a t  Wer  e << 1, i . e . ,  s c a l a r  m a g n e t o h y -  

d r o d y n a m i e s  m a y  b e  u s e d .  T h e  t r a n s p o r t  c o e f f i c i e n t s  
a s  f u n c t i o n s  of  t e m p e r a t u r e  a r e  a p p r o x i m a t e d  b y  t h e  

f o l l o w i n g  p o w e r  l a w s  : 

"0 ~ 60 

~1 = ~1o (a, [3, T - - c o n s t ) ,  (1.1) 

w h i c h  i s  p e r m i s s i b l e  i f  t h e s e  p a r a m e t e r s  a r e  m o n o -  

t o n i c  f u n c t i o n s  of t h e  t e m p e r a t u r e  of  t h e  m e d i u m ,  and  

t h e  t e m p e r a t u r e  w i t h i n  t h e  MHD c h a n n e l  u n d e r g o e s  

on ly  l i m i t e d  c h a n g e s .  A s s u m i n g  t h a t  a l l  q u a n t i t i e s  

a r e  f u n c t i o n s  of y on ly  we a r r i v e  a t  t h e  f o l l o w i n g  s y s -  

t e r n  of e q u a t i o n s  d e s c r i b i n g  t h e  i n i t i a l  s t e a d y  s t a t e :  

d (~l dU dBx "~-y ) - -  jBo = O, P+ ~ @ 

d (• dr~  JdU\~ ? 
-~g\ a y j + n [  W )  + 7  = 0  , 

N, 

/ =  ~ (~ + UBo) (1.2) 

w h i c h  m u s t  b e  s o l v e d  for t h e  b o u n d a r y  c o n d i t i o n s  

u (4- z) = o, T (+  z) = To. (1.3)  

The system of Eqs. (1.1)-(1.3) may only be solved numerically in 
the general case. This was done in paper [4], and the remits will be 
employed in what follows. Since we are unable to discuss the proper- 
ties of the steady state solution in detail, we shall merely remark that 
the simplest formulation of the problem was chosen when the heat dis- 
sipated in the channel passes out through the wails which are maintained 
at tile same condRions. The solution of the steady state problem for U, 
T, and j depends On six dimensionless parameters: a,  $, ?, K, M, N, 
i. e.,  it is of the form 

U = U (y; u, ~, % K, M, N) 

M = ~ j  ~~ , K = - ~ , s =  ~-~oTo ). 

Here M is the Hartmarm.number, K is the dimensionless electric 
field, and N is a thermal parameter. The induced magnetic field/3 x 
depends on the magnetic Reynolds number R m in addition to these 
parameters. 

2. T h e  L i n e a r i z e d  E q u a t i o n s  f o r  S m a l l  P e r t u r b a -  
t i o n s .  In a c c o r d a n c e  w i t h  S q u i r e ' s  t h e o r e m  [9] o n e  is  

u s u a l l y  c o n f i n e d  in  h y d r o d y n a m i c s  to  c o n s i d e r i n g  t w o -  

d i m e n s i o n a l  p e r t u r b a t i o n s  w h i c h  d e t e r m i n e  t h e  l e a s t  

v a l u e  of t h e  c r i t i c a l  R e y n o l d s '  n u m b e r .  A l t h o u g h  
S q u i r e ' s  t h e o r e m  in m a g n e t o h y d r o d y a a m i c s  h a s  b e e n  

p r o v e d  o n l y  f o r  f low in a l o n g i t u d i n a l  m a g n e t i c  f i e l d  

[10] ,  t h e  p r e s e n t  c a s e  w i l l  a l s o  b e  c o n s i d e r e d  f o r  t h e  

s a k e  of s i m p l i c i t y .  
T h e  e q u a t i o n s  f o r  t h e  p e r t u r b a t i o n s  a r e  o b t a i n e d  

in t h e  u s u a l  w a y  b y  l i n e a r i z i n g  t h e  g e n e r a l  e q u a t i o n s  

of m a g n e t o h y d r o d y n a m i c s  in  t h e  r e g i o n  of t h e  s t e a d y  

s t a t e  d e s c r i b e d  b y  E q s .  (1.2) .  I t  i s  c o n v e n i e n t  to  i n -  

t r o d u c e  s t r e a m  f u n c t i o n s  f o r  t h e  v e l o c i t y  and  m a g -  

n e t i c  f i e l d  p e r t u r b a t i o n s ,  

u' 0~p O~ 
- -  Oy  ' V'  = - -  0 - ~ '  

0__$_~ , O~ ( 2 . 1 )  B~:'= Oy ' Bu = - - ~  ' 

a n d  t h e  q u a n t i t y  | = T ' / T  in p l a c e  of t h e  t e m p e r a t u r e  

p e r t u r b a t i o n  T ' .  W e  t h u s  o b t a i n  a s y s t e m  of l i n e a r i z e d  

e q u a t i o n s  in  d i m e n s i o n l e s s  f o r m :  

' 

= R \ OY ~ - 

0y~ o~ ) 0 l g ' o ) ,  (2.2) 

o 

1 1 a Bx' O ,  
R~ ~ Acp g m z 

(2.3) 
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ar 

= R--~ [zA@ + 2 (J + [3) :e (In I)-" -6~-y JO0 7 + 

N [ t TI U'~ 
§  ( 7 - - ~ - - 1 )  n T 

A " ; ' 7 o  - ( ~ + ~ + 1 ) ~  ~TJ § 

N 

( R = pz~* A = Bo. 1 ~  = ~oZV*, 1) = 2 ~ 
~10 ~ I~P v*z ' • 2" 

(2.4) 

H e r e  R is  t h e  R e y n o l d s  n u m b e r ,  A is t h e  A l f v e n  
n u m b e r ,  R m is  t h e  m a g n e t i c  R e y n o l d s  n u m b e r ,  P i s  

1.2 f 

L6 

g,4 , ,  

g..b 

Fig .  1 

the  P r a n d t l  n u m b e r ,  U is  the  v e l o c i t y  of  the  u n p e r t u r b e d  
f low,  B is  the u n p e r t u r b e d  m a g n e t i c  f i e ld ,  T is  the  u n p e r -  

t u r b e d  t e m p e r a t u r e ,  w h i l e  ~, •  ~ a r e  t h e  e l e c t r i c a l  

and t h e r m a l  c o n d u c t i v i t y  and v i s c o s i t y  in t h e  u n p e r -  
t u r b e d  f low. The p r i m e s  deno te  d i f f e r e n t i a t i o n  w: th  
r e s p e c t  to y. 

As  u sua l  t he  so lu t i on  of t he  s y s t e m  is  w r i t t e n  in t he  
form 

ap = xp (y) exp i k ( x  - -  ct), (2.5) 

w h e r e  k is t he  d i m e n s i o n l e s s  w a v e  n u m b e r  and kc  is 
t h e  d i m e n s i o n l e s s  f r e q u e n c y  of t he  o s c i l l a t i o n s .  E q u a -  

t i ons  (2 .2 ) - (2 .4 )  m u s t  be  s o l v e d  f o r  t he  f o l l o w i n g  o b v i -  
ous cond i t i ons  : 

~p ( •  J) = ~ '  ( •  J) = 0, 0 ( •  1) = 0.  (2.6) 

T h e  b o u n d a r y  c o n d i t i o n s  fo r  t h e  m a g n e t i c  f i e ld  in 
t h e  c a s e  o f - n o n c o n d u c t i n g  w a l l s  h a v e  t h e  f o r m  

((p'/(p)+_~ : T- k .  (2.7) 

If system (2.2)-(2.4) is not separable, then hydrodynamic, electro- 
dynamic, and thermal effects exert a simultaneous influence on the 
stability. 

3. T h e  O v e r h e a t  I n s t ab i l i t y .  We  s h a l l  f i r s t  of a l l  
c o n s i d e r  t h e  c a s e  S << R m ,  w h e r e  S = M z / R  is t he  h y -  

d r o m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r .  C l e a r l y  in th i s  
c a s e  f i e l d  p e r t u r b a t i o n s  c a u s e d  by  t h e  m o t i o n  of t h e  

m e d i u m  m a y  p r e d o m i n a t e  o v e r  v e l o c i t y  p e r t u r b a t i o n s  
c a u s e d  by  the  f i e ld .  In the  l i m i t  f o r  A ~ 0 f o r  T = 0 

w e  m a y  i m a g i n e  a s i t u a t i o n  when  t h e  v e l o c i t y  p e r t u r -  

ba t i ons  a l s o  tend  to z e r o ,  and t h e  t e r m s  con t a in ing  r 

in E q s .  (2.3), (2.4) m a y  be n e g l e c t e d .  If we m a k e  the  

f u r t h e r  a s s u m p t i o n  tha t  R m << 1, t hen  we  h a v e  f r o m  
(2.3) 

/',,q) = a B ~ ' O  . (3.1) 

Us ing  (2.4), (2.5), and (3 .1)  and n e g l e c t i n g  f o r  s i m -  
p l i c i t y  t he  c o n t r i b u t i o n  of v i s c o u s  d i s s i p a t i o n  and the  

f ac t  tha t  n is  not  cons t an t ,  we  obta in ,  a f t e r  m a k i n g  
f o r m a l  t r a n s f o r m a t i o n s ,  

o "  + (E- -V)  0 = o, 

E = - -  k 2 § i k c  R P ,  

[2 
V = - - a Y I  -~y-  + i k  U R P  [ YI - -  1"212 _ z0x~o/. (3.2) \ 

The problem thus becomes one of finding the eigenvalues of the 
SchrOdinger equation with a complex potential V. If the initial steady 
state is symmetric with respect to y, then it is not hard to see that 
ReV is a "potential well," and ImV has the form of a hump. The poten- 
tial may be expanded in a series to give the Schrt~dinger equation for 
a harmonic oscillator in the region of the axis of the channel. Having 
thus ascertained that finite solutions exist [11], we may employ simple 
approximate methods in order to investigate (8,2). For example in the 
quasi-classical approximation we replace d/dy by iky and obtain the 
stability criterion immediately (in dimensional form): 

d l n z  i2 
z ~  d In  T a T  " (3 .3 )  

Formula (3,3) was obtained previously for the general case in paper 
[7], but the question of the existence of finite solutions was not consid- 
ered. The presence of the factor a in inequality (3.3) prompts us 
to call the instability an overheat instability [5, 7]. For simplicity we 
shall restrict ourselves to considering the case S << R m << 1 in the quasi- 
classical approximation. A similar analysis may be carried out without 
this last restriction. 

4. H y d r o d y n a m i c  I n s t a b i l i t y .  We s h a l l  now c o n -  
s i d e r  the  o t h e r  l i m i t i n g  c a s e  in wh ich  the  i n s t a b i l i t y  i s  

c a u s e d  by  t h e  p u r e l y  h y d r o d y n a m i c  m e c h a n i s m  of 
t h e  u n t w i s t i n g  of t he  v e l o c i t y  g r a d i e n t  v o r t e x .  It  i s  
w e l l  known tha t  t h e  o n s e t  of h y d r o d y n a m i c  i n s t a b i l i t y  

o c c u r s  f o r  f a i r l y  l a r g e  R e y n o l d s  n u m b e r s  R.  We  
m a y  t h e r e f o r e  n e g l e c t  t he  s m a l l  t e r m s  in t he  r i g h t -  
hand s i d e  of (2.2), r e t a i n i n g ,  h o w e v e r ,  t h e  old d e r i v -  

a t i v e .  F u r t h e r  we  s h a l l  con f ine  o u r s e l v e s  to t he  c a s e  
R m << 1, w h e r e  we can  n e g l e c t  t e r m s  c o n t a i n i n g  B x 

c o m p a r e d  wi th  B 0. F r o m  Eq. (2.3) w e  h a v e  

~P'" - -  k~(P = - -  R m  a~" -~ a B x ' O .  (4.1) 

If t he  h y d r o m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r  S << 
<< 1, i . e . ,  the  H a r t m a n n  n u m b e r  i s  not  v e r y  l a r g e ,  
then  we  m a y  e l i m i n a t e  go f r o m  (2.2) u s ing  (4.1) and,  

n e g l e c t i n g  s m a l l  t e r m s ,  f i na l l y  a r r i v e  at a p r o b l e m  

wh ich  is  one of  f ind ing  the  e i g e n v a l u e s  f o r  an  O r r -  
S o m m e r f e i d  type  e q u a t i o n  

( U _ c ) ( ~ p , ,  k 2 ~ p ) _ V , q p  = i ~piv  (4.2) 

wi th  b o u n d a r y  c o n d i t i o n s  (2.6). T h u s  f o r R  m << 1, S << 

<< 1, aS  < 1 the  m a g n e t i c  f i e l d  and  n o n i s o t h e r m a l  n a t u r e  
of t h e  f low e x e r t  an i n d i r e c t  i n f l u e n c e  on the  s t a b i l i t y  
of t he  m o t i o n ,  a l t e r i n g  t h e  v e l o c i t y  p r o f i l e  and i n t r o -  

duc ing  a v i s c o s i t y  p r o f i l e  into Eq.  (4.2). In o r d e r  to 

s o l v e  t h e  p r o b l e m  w e  u s e  t h e  f a m i l i a r  H e i s e n b e r g - L i n  

m e t h o d  [9]. W e  s h a l l ,  as  usua l ,  con f ine  o u r s e l v e s  to 

t r e a t i n g  even  p e r t u r b a t i o n s  o v e r  t h e  channe l  h a l f -  
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wid th  ( - 1 , 0 ) .  Two p a r t i c u l a r  s o l u t i o n s ,  a c c u r a t e  to  

t e r m s  of t h e  o r d e r  ~(kR) -1, m a y  b e  o b t a i n e d  f r o m  t h e  

i n v i s e i d  equa t ion  by  an e x p a n s i o n  in p o w e r s  of kZ: 

e tc .  In t h e  c a l c u l a t i o n s ,  t e r m s  of t he  o r d e r  ~ k  2 w e r e  

r e t a i n e d ,  and t a k i n g  N4 and H5 into a c c o u n t  i m p r o v e s  

t h e  a c c u r a c y  by  a few p e r c e n t .  

r = v (h0 + k~h~ (u) + k~h~ (u) + " �9 },  

r = v {q~ (u) + k~-q~ (u) + k %  (u) + -. -} 

(v = U - -  c), 

"" d~ " h ~ v ~ d y  ( n ~ O ) ,  h o =  ~, h .~,+,= 
--1 -1- 

dy "~ dy 
ql  = 7 '  ~ -~,~ q ~ - l  v dg ,  

- i  --I -1  

(n~>f). (4.3) 

Two m o r e  f u n d a m e n t a l  s o l u t i o n s  a r e  found in c o n -  

v e r g i n g  s e r i e s  f r o m  t h e  fu l l  equa t ion  (4.2) and wi th  an 

a c c u r a c y  to t e r m s  of t h e  o r d e r  ~ ( k R ) - t / a ,  h a v e  t h e  

f o r m  

.>I, 

- c ~  ~oo 

{ v/ e (u 
= \ ns ] --us), Us' = g '  (Us-), 

~ls = ~ (Us), U I' = U'  ( - -  1). (4.4) 

H e r  e ~ra.2) , ,/, a r e  Hanke l  f u n c t i o n s ,  and  Ys i s  d e -  

t e r m i n e d  f r o m  t h e  equa t i on  U(Ys) -- c. Knowing  t h e  

f u n d a m e n t a l  s y s t e m  of  s o l u t i o n s  (4.3),  (4.4), it  is no t  

1.2 

1.6 ~ ~.. 

a~ o.oi ~ ' - .  

o.6 - . ~  

0.~. I 
qO 50 GO 70 R ~3 

Fig. 2 

d i f f i cu l t  to  ob ta in  t h e  c h a r a c t e r i s t i c  equa t i on  f o r  d e -  

t e r m i n i n g  t h e  c u r v e s  of  n e u t r a l  o s c i l l a t i o n s  

F (z)  - -  (l  + ~,) g t + ~g (g = u~ + iv~ (4.5) 

w h e r e  F (z )  is  a t a b u l a t e d  f u n c t i o n  [9],  

\ - ~ - ]  + y s ) ,  x = (i + Us) ~ - - - I ,  

Ul"c t - -  keN2 - -  trine . . . .  
U'~ = ~ -]- UI 'CK1 -~- " k2 H1 -t- k~Ha -~- k~H5 + ' . "  ' 

Us" dy 
v ~  Us.~ , K I =  --~2, H x =  v~dg, 

--1 --1 

0 0 0 Y Y 

--1~ y - 1  --1  - -1  

20;~ -'~ I 
F 

Io M i 
o z # 

Fig. 3 

Equation (4.5) is convenienc for numerical calculations. However, 
even before calculations are performed some qualitative conclusions 
may be drawn from an analysis of the velocity profile. It was shown 
by Lock [1] that as the Hartmann number M increases, so also does the 
critical value of the Reynolds number R., i . e . ,  the flow is stabilized. 
In other words, monotonic, fuller veloeRy profiles correspond to higher 
values of R.. Since the conductivity increases with the temperature in 
a plasma, the ponderomotive force increases at the center of the stream 
where the temperature is higher, which leads to an additional flatten- 
ing of the velocity profile in the case of nonisothermal flow [4]. Thus 
an increase in R. may be expected, and the larger the index a and the 
larger the current flowing in theplasma, the stronger this effect will be. 

Figures 1 and 2 present curves of the neutral oscillations for values 
of N=l,  5, respectively, in the case of a fully ionized plasma ( c~ =3/2, l~ = 
= y = 5/2. The numbers on the curves indicate the value of M. It 
should be noted that for M > 5 it is no longer convenient to calculate 
the curves by the method used here as a result of the worsening of con- 
vergence of the expansion in k s. For the sake of comparison with the 
results of paper [1], the calculations were carried out for a flow con- 
figuration with zero total current. Figure S shows R ~/3 as a function of 
M for the flow configurations indicated (the dashed line corresponds to 
the results of [1]). Comparison of the curves leads to the conclusion 
that additional flow stability resuks from nonisothermal effects for 
M < 5, while the difference in the values of R decreases as M increases. 
This is explained by the fact that for a given N the difference in the 
velocity profiles for isothermal and nonisothesmal flow decreases as M 
increases [4]. It is also worth noting that R as a function of M increases 
less rapidly the greater N is, so that it is even possible for the curve to 
intersect that corresponding to the isothermal case. However, special 
care is required to determine the stability criterion for M > 5. 

In conclusion we note that in the case of nonisothermal flow of a 
liquid metal the neutral curves may behave in a radically different 
way, since the conductivity of the metal decreases as the temperature 
increases and nonisothermal effects lead to a more extended velocity 
profile. 

T h e  a u t h o r  is m o s t  g r a t e f u l  to  V. Ka l i t enko  f o r  

w r i t i n g  t h e  c o m p u t e r  p r o g r a m s  and  to  S. F i l i p p o v  

f o r  a d v i c e  and d i s c u s s i o n s .  
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